Abstract. We describe a class of toric varieties which are set-theoretic complete intersections only over fields of one positive characteristic p.
Introduction
The problem of finding a minimal set-theoretic generating set for a toric variety was recently studied in [2] and [3] . In [3] , in particular, the authors characterized all toric varieties which are set-theoretic complete intersections on binomial equations: a necessary and sufficient condition in characteristic p > 0 was given in terms of a combinatorial property of the associated semigroup, i.e., the property of being completely p-glued, which is based on a notion introduced in [7] . If, however, a toric variety is not completely p-glued for some prime p, then no general criterion is known so far to decide whether or not it is a set-theoretic complete intersection. In this paper we solve the problem for a class of affine toric varieties whose semigroup is completely p-glued only for one prime p, by proving that they are settheoretic complete intersections only in characteristic p. This provides new examples of the interesting class of varieties for which the minimal number of set-theoretic generators depends on the characteristic. The first known example appeared in [1] , where it was shown that the minimum number of set-theoretic defining equations for the variety defined by the vanishing of all t-minors of a symmetric matrix, where t is even, is the same in all characteristics except in characteristic 2, where it is strictly smaller.
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Let K be an algebraically closed field. In this paper V ⊂ A n+2 K denotes a simplicial toric variety parametrized in the following way:
where p is a prime number.
In Section 1 we prove that V is completely p-glued; hence it is a set-theoretic complete intersection in characteristic p. Our main result is Theorem 2 stated at the end of Section 2. It implies that there are only two possibilities: either V is a set-theoretic complete intersection in all characteristics, or it is a set-theoretic complete intersection only in characteristic p. We give explicit and easily verifiable necessary and sufficient conditions on the exponents a i and b i for each of these two possibilities (conditions (A)-(D) of Section 2). Our proofs (given in Sections 3 and 4) useétale cohomology.
It follows from Theorem 2 that the associated semigroup of V is either completely q-glued for all primes q, or just for q = p, and conditions (A)-(D) of Section 2 provide explicit necessary and sufficient criteria for each of these two possibilities. It is worth pointing out that even though being completely p-glued is a combinatorial criterion about a semigroup, which a priori has nothing to do withétale cohomology, the only known (to us) proof of a necessary and sufficient criterion for when the associated semigroup is completely p-glued usesétale cohomology. We are unaware of a direct combinatorial proof.
Our results raise a number of open questions. It follows from Theorem 2 that V is a set-theoretic complete intersection in characteristic p if and only if the associated semigroup is completely p-glued. This naturally raises the question whether this is true in general, i.e., whether an arbitrary affine toric variety is a set-theoretic complete intersection in characteristic p if and only if the associated semigroup is completely p-glued.
Another interesting question is whether there could be varieties which are settheoretic complete intersections in more than one, but not in all positive characteristics, which is certainly not the case for the varieties we study in this paper. It would be especially interesting to know whether there are varieties which are set-theoretic complete intersections in infinitely many but not all characteristics.
V is completely p-glued
There is a subset T of N n attached to V , namely
The polynomials in the defining ideal I(V ) of V are the linear combinations of binomials
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with α
There is a one-to-one correspondence between the set of binomials in I(V ) and the set of semigroup relations ( * ) between the elements of T . Barile, Morales and Thoma proved the following result.
Theorem 1.1 ([3], Theorem 5, p. 1899)). An affine or projective toric variety of codimension r over a field K of characteristic p > 0 is set-theoretically defined by r binomial equations iff it is completely p-glued.
The latter notion is due to Rosales [7] and refers to the subgroup of Z n generated by a set T . It is based on the following two definitions, both quoted from [3] , pp. 1894-1895. Definition 1.2. Let p be a prime number and let T 1 and T 2 be nonempty subsets of T such that T = T 1 ∪T 2 and T 1 ∩T 2 = ∅. Then T is called a p-gluing of T 1 and T 2 if there are an integer k and a nonzero element w ∈ Z n such that
Definition 1.3. An affine semigroup NT is called completely p-glued if T is the
p-gluing of T 1 and T 2 , where each of the semigroups NT 1 , NT 2 is completely p-glued or a free abelian semigroup.
We will say that the variety V is completely p-glued if so is the corresponding semigroup NT . a 2 , . . . , a n )} and consider
which generates a free abelian semigroup, and
Then T 1 is the disjoint union of T 11 and T 12 and
o th e r w i s e. In both cases v ∈ NT 11 ∩ NT 12 . Hence, for all primes q, T 1 is the q-gluing of T 11 and T 12 . Moreover, let
where w = λ(b 1 , . . . , b n ), and
Hence T is the p-gluing of T 1 and T 2 and the variety V given above is completely p-glued. V : whereas, evidently, (0, 2, 1) ∈ NT 1 ∩ NT 2 . This shows that V is completely 2-glued. It can be easily checked that V is not completely q-glued for any other prime q. According to Theorem 1 this implies that in characteristic 2 variety V is a settheoretic complete intersection on two binomial equations
which are derived from semigroup relations (1.1) and (1.2) respectively, while, in all other characteristics, V cannot be set-theoretically defined by two binomial equations. A complete list of generating binomials for the defining ideal of V is, in every characteristic,
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The main theorem
If V is not completely q-glued for some prime q, then, according to Theorem 1.1, in characteristic q it is certainly not a set-theoretic complete intersection on binomial equations, but, in principle, it could still be a set-theoretic complete intersection on some non-binomial equations. The main result of this paper is that for the special kind of toric varieties we are considering this is not the case. In particular, variety V in Example 1.5 is a set-theoretic complete intersection only in characteristic 2. As a preliminary step, we suppose that V is completely p-glued only for one prime p and derive some necessary conditions on the exponents a i and b i .
We first remark that the n-tuples (a 1 , a 2 , . . . , a n ) and (b 1 , b 2 , . . . , b n ) are such that the support (i.e., the set of indices of nonzero entries) of neither is contained in that of the other: if this condition fails to be true, then V is a set-theoretic complete intersection in every positive characteristic, as is remarked in [3] , Example 1. Hence we may assume that It is not hard to show that (c) implies (a) and (b). Indeed, if (c) holds, then, in view of Theorem 1.1, (A)-(D) imply that V is not completely q-glued for any prime q = p. Moreover, in this section we have remarked that whenever one of conditions (A)-(D) fails to be true, then V is q-glued with respect to all primes q. This proves claims (a) and (b). To complete the proof of Theorem 2.1 it remains to prove part (c). This is accomplished in the next two sections. In Section 3 we reduce the proof to the case where p does not divide any a i or b i and in Section 4 we prove part (c) under this additional assumption.
A useful reduction
The set-theoretic complete intersection property of the variety V is related to that of certain hyperplane sections of V . Fix an index i, 1 ≤ i ≤ n. We consider the following toric variety, whose parametrization is obtained from that of V by omitting the parameter u i :
. .
V is associated with the following subset of N n−1 :
We introduce some abridged notation. We denote by Moreover we set a = (a 1 , a 2 , . . . , a n ), and
Lemma 3.1. Suppose that p divides both the exponents a i and b
, and setF
Then
Proof. It suffices to prove the claim for binomials. Let B
Then the following semigroup relation in T holds:
∈ I(V ), since this binomial corresponds to the following semigroup relation inT : ( * * ) α
derived from ( * ) by skipping the ith component. Conversely, every semigroup relation ( * * ) inT gives rise to the following semigroup relation in T :
This proves the second part of the claim.
The following result will be used in the proof of Theorem 2.1.
Lemma 3.2. Suppose that I(V
Proof. Inclusion ⊃ follows from Lemma 3.1, since I(V ) is a reduced ideal. We prove inclusion ⊂. Let G ∈ I(V ). By Lemma 3.1 there is H ∈ I(V ) such that G =H. 
which completes the proof.
A cohomological proof
In this section we complete the proof of Theorem 2.1 by proving part (c). We will useétale cohomology (H et ) andétale cohomology with compact support (H c ). In the sequel we will assume that char K = p and suppose that variety V fulfills conditions (A)-(D). By permuting the indices if necessary we can assume that condition (A) takes the form:
Condition (B) implies that p divides a 2 and b 1 . Hence condition (D) implies that there is i ≥ 3 such that p a i and p b i . Our aim is to show that V is not set-theoretically defined by two equations. By virtue of Lemma 3.2 it suffices to Remark 4.2. The induction basis in the proof of Theorem 2.1 strictly depends on the assumption that char K = p. If char K = p, and we take, for some integer r not divisible by p, Z/rZ as the coefficient group in cohomology, then map θ is an isomorphism. Hence the above diagram takes the following form:
